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ABSTRACT
Given a two-dimensional compatible family of ¢-adic representations which
is motivic and which respects an orthogonal form up to similitudes, we
show how to express its L-function in terms of a Hecke character. We give
several examples and in particular we analyze a representation associated

to a certain K3 surface which arose in the study of Kloosterman sums.

Introduction

To compute the {-function {y of an algebraic variety V over a number field K one
breaks the cohomology groups of V' motivically as much as possible. If the pieces
are all one-dimensional (example: diagonal hypersurfaces) there is an effective
and quite efficient algorithm to perform the computation. For each piece one
first writes an explicit, finite list of Hecke characters of type Ag of I such that
the contribution of the piece to {y is a member of the list. This gives a finite
list of possibilities for {y. In a second step, one counts the number of points of
V over residue fields of K and one compares this to the result coming from each
candidate for {y. After sufficiently many primes all possibilities but one for {y
are eliminated, and the remaining one is the answer.

On the other hand, if there are higher-dimensional pieces, no general algorithm
to compute (y is presently known, although the Langlands program might even-
tually yield one. In fact in special cases, for example if all the pieces are at most
two dimensional and K = @, there is still a moderately efficient algorithm, in
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which the amount of computation is bounded in advance, but whose success is
guaranteed only modulo the Langlands conjectures (see [L]).

In this article we will show that under a certain assumption it is possible to
reduce the second, conditional algorithm to the first, unconditional one. The
assumption is that the two-dimensional pieces carry symmetric non-degenerate
pairings. As a numerical example, we will give an alternative way to [PTV] for
computing (the main part of) the zeta function of

X = {(ml,...,xs) e P in=§:x:1:0}

which arises from the fifth moment of Kloosterman sums. Notice that in the
second step we end up needing only the number of points of X modulo 2, as
opposed to considering points modulo primes up to 61 as in [PTV]. We will also
discuss similar and other types of examples.
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algebraic geometry conference at Storuman in June 1990. It was there that
the method given here to compute the zeta function of X was indicated to the
first author of [PTV]. We also thank the THES, where this note was written, for
its hospitality. J.-P. Serre has obtained similar results in the K3 case. It is a
pleasure to thank him for pointing out some sign errors in the first version of this
manuscript, as well as for other helpful remarks.

1. Orthogonal two-dimensional representations

For a number field K C C put G = Gal(Q/K) and let Cx = KX~ A% be
the group of idele classes of K. Characters of Cx will always be of type Ao and
denoted by greek letters u,¢,.... We will say such a character is Q-valued if its
values on A;({’f are rational. For a place A of the field of coefficients we will denote
the corresponding A-adic characters by py, €y, . . .. These form compatible systems
UGal, €Gal, - - - Of £-adic (or A-adic) representations of Gx. Let x: Cp — C*
be the cyclotomic character. If e Cg — C* has finite order we denote by
épir: Z/{cond €)Z — C the corresponding Dirichlet character.

PROPOSITION 1.1: Suppose pu: Cxg — C* is Q-valued. Then p = (x ° NK/Q)ke
for an integer k and a quadratic character e.

Proof: Let L O K be finite Galois over Q and let [ # 0 be an integer such that
(po Ny, K)l = y' is unramified. Let P be a principal ideal of degree 1 in L above
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aprimep € Q (so Lp ~ Q,), let # € P be a generator, and put o = (7). Then
a € Q* and by the product formula a = [[,. ;, _cx (o7)" for some integers n,.
The fractional ideal (o) C Q must be a power of (p), so all the n,’s are equal.
Hence the oco-type of 4’ is composed with the norm N /q, so that the co-type of
p is composed with N q. There is then an integer k so that € = pu(x 0 Nk /q) -k
is of finite order. Being Q-valued, it is quadratic.

Remark 1.2: If |[K: Q] = 2 and u: Cx — CX has oo-type not composed with
the norm, the method of the preceeding proof shows that the field of values of 1
contains K.

In what follows a motive means a pure Grothendieck motive satisfying the
Weil conjectures and the compatibilities between Hgy, HyeRham, Hpett; and the
Hodge filtration. Since Faltings’s theory [Fa] is functorial, this means that we also
have a Hodge—Tate structure on f¢-adic cohomology which is compatible with the
Hodge type (we only need this for £ >> 0, when the varieties and correspondences
defining M have good reduction). For a character p of Cg which is Q-valued the
twist Q(u) of the motive Q by p is still defined over Q. As usual, Q(n) = Q(x™).

THEOREM 1.3: Let M be a motive of rank 2 over Q with Hodge numbers
dim H?9 = dim H9? = 1 where p > ¢q. Assume ( , ) M QM — Q(a) is
a non-degenerate symmetric pairing where a: Co — C* is Q-valued. Let D be
the discriminant of { , ) on Hpeyi {M) and let p be the associated compatible
family of £-adic representations. Then

1. D is positive. Putting K = Q(v/—D)), there is a unique character ¢: Cx —

K> C C* of co-type z — zP™% such that p® K ~ x5l ® Indg‘l’( VGal-

2. p is irreducible, of conductor cond p = Disc(K/Q) - Ng/q (cond 1) and de-
;’fﬂ) €Gal, Wwhere e: Cg — C* is a quadratic character
satisfying ep;, (—1) = (~1)PTetl,

3. Let 0: K — K be the non-trivial automorphism and put ¥° = y¥o. Then

terminant det p = x

¥° is the complex conjugate 9 of v and Piog = @-
4. det p = agapgal, where u: Cg — C* is the quadratic character defining
K.

Proof: For a symmetric non-degenerate pairing ( , ) on a finite-dimensional
vector space V' the group of orthogonal similitudes GO = GO(V, ( , )) is
the group of maps g € GL(V) satisfying (gv, gw) = A(g)(v,w) for all v,w in
V. We view it as an algebraic group. The factor of similitude A(g) satisfies
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Ag)¥™V = (det g)%. When dim V is even, the connected component of Idy in
GO is GSO = {g € GO| A(g){4imV)/2 = det g}. In our case we let GO be the
algebraic group over Q defined by the given pairing ( , } on Hpei(M). We
then have ag,) (9)? = (det p(g))2 for any g € Gg, and putting pga = aail det p
we see that pZ,, = 1. Let L be the field cut by pga, so Ker pgal = Gy, and p
maps G, into GSO. Since GSO ~ Resg /g G, it follows that GSO is abelian: in
fact GSO(Q) ~ K*. Therefore p|g, is a rational abelian representation in the

sense of Serre [ALR]. It follows that p|, is locally algebraic, which means that
it can be diagonalized: thus

PG (‘pGal 0 )
- !
£ 0 ¥Gal

for some characters ¢, ¢’ of Cp.

We claim that the oco-type of ¢, ¢’ cannot both be composed with the norm
Ni/q. If they were we would have ¢ = (x o Ny /g)*6 and ¢’ = (x o NL/Q)klé’ for
integers k, k' and Hecke characters 4, 6" of finite orders. By purity we would get
k =k = (p+q)/2. But then the Hodge-Tate type of M would be (k, k) and not
(p, ), contradicting [Fa]. Therefore L # Q, so that L is quadratic. The field of
values for ¢ (or ¢’) contains L by Remark 1.2 and is contained in K (since p is
rational), so K = L. This proves 4.

The values of ¢ at Frobenius elements must be Weil numbers in K. They
cannot all be in Q, or else Q would be composed with the norm. Therefore K
is quadratic imaginary. By [Fa] and purity again we see that, permuting ¢, ¢’
if necessary, the oo-type of ¢ is 2 — 2P 29. We also see that ¢ is K-valued and
¢ =¢° =@ # . It follows that p® K ~ Indg‘,’( @gal and that p is irreducible
(see [Dur], where the entirely parallel case of dihedral Artin representations is
handled). Put 9 = (x o Ng/g)?¢. Then the co-type of ¥ is z — 2P~9 and
p®K ~ x5l ® Indg‘l’( ¥qal, proving 1 and the first part of 3.

The formula for cond p is the same as in [Dur]. Since det p is Q-valued it is
of the form X%, €cal for € quadratic by Proposition 1.1. By purity (or co-type)
k = —(p+q). Let ¢ € Gg be a complex conjugation. Then p(c) interchanges
HP4 (M) and H%P (M), so Trp(c) = 0. Since ¢* = 1 it follows that —1 =
det p(c) = X(_}z(:l, +9)(c)eGa1(c) = (—=1)P*9ep;(—1). This shows 2, and since det p =
HGal (1.1/'|CQ)GaLl as in [Dur], we obtain ¢, cq = % proving the last part of 3 and the
theorem. ]
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COROLLARY 1.4:
(1) The L-function L(p,s) is L(¢,s) = L(¥,s + ¢q). In particular it has the
usual sort of analytic continuation and functional equation.
(2) There exists a unique cuspidal newform f such that L(p,s) = L(f,s + q).
This f is of weight p+ 1 — g, level cond p and character € = (aux?*9)pi.
It has complex multiplication by K.

Example 1.5: Let E be an elliptic curve over Q with complex multiplication by
K = Q(v=D). The motive M = H'(E) ® Q satisfies the standard compati-
bilities between the various types of cohomology. Its Hodge type is dim H1:0 =
dim H%! = 1. Define ¢ as the quadratic character associated to K. The cup
pairing M @ M —> Q(-1) is non-degenerate and alternating, and defining
(, ¥M®M - Q-1)(¢) by (z,y) = zU (V=D y) gives a non-degenerate
symmetric pairing.

The discriminant Disc(, ) of {, ) is D up to a factor in (Q*)2. To see this
choose any ¢t € H},(E,Q). Then tUt = /-DtuU+/-Dt = 0, and we may
view the generator u = t U+v/~Dt of H ,,;(E,Q) ~ Q as a non-zero rational
number (in fact we may choose a t for which u = 1, but we do not need this).
With respect to the basis ¢t,v/—=Dt of H}.;(E, Q) we get

. ~ (t,1) {t,V-Dt)

Disc( , ) = det <( /-Dt,t) (V=D t,\/—Dt>)
can( AT, 4D )
= v-Dtuv/-Dt +/-Dtu(-Dt)

_ Uu 0 _ 2
—det<0 Du)—Du.
As is well-known the corresponding cusp form f has weight 2 and trivial character,

reflecting the fact that p+1—¢ =2 and
det p = aGalkGal = (XGLEGa) HGal = XGay-

Example 1.6: Let X be a K3 surface over  with maximal Picard number
p = rank N.5.(X) = 20. Put M = (H*(X)/N.5.(X)) ® Q, the motive of the
transcendental cycles. M satisfies the required compatibilities, and its Hodge
type is dim H%0 = dim H%? = 1. The cup product pairing U= ( , 2 M®
M — Q(—2) is non-degenerate and symmetric. Let ¢j,...,c0 be a basis for
N.S.(X)®Q, and let d be the determinant of the matrix of intersection numbers



154 R. LIVNE Isr. J. Math.

¢i - ¢;. By the Hodge index theorem d is negative. Since the discriminant of cup
product on H2(X) is —1 (in fact (H?(X),U) ~ H3® & (—E8)2, see [BPV], ch.
VIII, proposition 3.2.ii), we get that D = Disc(M,{ , )) is positive and equal to
—d up to a rational square. By the theorem det p = agaitical = Xc—;ilfGala where

€ = p and €p;;(p) = (_Td) This gives a form of weight 3 and odd character ep;;,.

Remark 1.7: In Example 1.6 the reference to [Fa] in the proof of the theorem
can be replaced by one to [S-I]. They prove that over some extension of Q the
L-function of X is L(1?, s) L(v?, s), where %, is a Hecke character attached to
an elliptic curve with complex multiplication. This determines the co-type of our
¥ to be z — 272, as required.

Remark 1.8: Serre. In the field K of Theorem 1.3 each ideal class has order di-
viding p — ¢. Indeed, let P be an ideal of K whose class has order t. Write P* =
70, and let mp be a uniformizer at P. Then ¢p(mp)t = Yp(7) = Yoo(m)~! =
7P~9, which implies ¥p(7p)tOx = Pr=9)_ Hence PP~9 = vp(mp)Ok is princi-

pal, so t|p — ¢.

2. The case of X

The minimal projective non-singular model X of the surface X from the intro-
duction is a K3 surface of maximal Picard number. The computations in [PTV]
determine the parts of H *()Z' )} which are spanned by algebraic cycles. They
show that up to squares the discriminant of the intersection pairing on N .S.()Z' )
is —=15 ([PTV], Theorem 2.5). To compute (3 (or (x) it remains to compute
the contribution of the transcendental cycles, discussed in Example 1.6. By our
Theorem 1.3, K = Q(v/-15) and we want to determine 3, whose oco-type is
z — z—2. Note that our formula for det p checks with [PTV], propositions 3.3.ii
and 4.1. The class number of K is 2, and CI(K) is generated by P, = (2,a)
with a@ = (1 + v/=15)/2. We have P} = (a). Define an unramified character

Yo: A — C* by 10,00(2) = 2z~% and

2 i =
Yo,p (7p) = {,ﬂ/a ii P2PP =(787)

for any ideal P of K and any uniformizer 7p of K at P. Then ¢y is well-defined
(the only units in O = Ok are £1), and ¥o(K*) = 1. It follows that 9o may be
viewed as a Hecke character. Put v = 1y 1. Since v is K *-valued and of finite
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order it is quadratic. Since X has good reduction outside 3, 5, our p and hence
v are unramified outside primes above 3 and 5. Hence v factors through

o=k ~ax/(( 1 op (05, x 03,)" x )
(P,15)=

where P;, P; are the primes of K above 3, 5 respectively. C’ is an extension
of CI(K) by A = (O} x O%) / (0} x O3)*0%, where 0% is embedded
diagonally. Hence

A (R xFY) /(B xF)" (2L 1D} ) = B /(FF)? = (21),

We claim that C’ is cyclic of order 4. Indeed, let x = (..., z,,...} be the
idéle given by z, = V=15 if v = P; and , = 1 otherwise. Then z2 # 1 in C'.
Otherwise the ideal generated by x2, which is 30k, would have a generator a
which is a square at 5. This is false for both generators +3 of 30x. Hence z
has order 4 in C’ and C’ is cyclic as claimed. It follows that v factors through
CI(K).

Now let pg: KX N A% — CI(K) ~ {£1} be the non-trivial character. Since P,
is not principal uo (P2) = —1. Set p; = Indg‘f( Yo,Gal and pp = Indg‘f( (1o¥o)Gal-
Since v must be 1 or py we must have p ~ p; or p ~ p;. To decide which case
occurs we consider what happens at the (good) prime 2. Since 2 splits in K,

(Frobpz)) = 1 (Frobp,) + o (Frobp,) = a + @ = 1,

Gk

Tr p1(Frobs) = Tr(p1|

and likewise Tr po(Frob,) = —1. By a direct computation based on counting
points modulo 2 on X, one gets Tr p(Frobp,) = 1 (see [PTV], table 1 after
lemma 4.4). Hence p ~ p;. This checks with [PTV], remark after proposition
4.12. The conductor of p is 15- Nk (1) = 15, so the corresponding modular form
isin S3 (1"0(15), (_—15)), in accordance with [PTV], Theorem 5.3 and Proposition
5.1.

3. Further examples

Let V,, be the variety {(z1,...,2,) € P*" Y z; = 3 23 = 0}. Let sgn: S, —
{£ 1} be the signature character of the permutation group on the variables, and
put M = H*=3(V,,)*8". For n = 7, 11 and 15 respectively we get rank 2 motives
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over Q, of Hodge types dim HP'9 = dim H9P = 1, where (p,q) = (3,1),(5,3) and
(7,5) respectively, and the cup product is symmetric and non-degenerate. These
examples give rise to cusp forms of weight 3. The appeal to [Fa] in the proof of
Theorem 1.3 appears necessary, especially for n = 15.
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